Abstract-There are close links between mathematical morphology and rough set theory. Both theories are successfully applied among others to image processing and pattern recognition. This paper presents a new generalization of the classical rough set theory, called the partial approximative set theory (PAST).
I. INTRODUCTION
As Isabelle Bloch has pointed out in [1] , there are close links between mathematical morphology [2] , [3] and rough set theory [4] , [5] . Both theories are successfully applied among others for image processing and pattern recognition, especially for medical imaging [6] , [7] .
The rough set theory was introduced by the Polish mathematician, Zdzisław Pawlak in the early 1980s [8] , [4] . This theory can be seen as a new mathematical approach to the problem of non-precise or vague knowledge [9] , [10] , [11] , [12] . On the other hand, Pawlak's initial work was closely related to the problem of the granularity of descriptions which led to the concept of indiscernibility [13] .
Let be a finite set of distinguishable objects, called the universe of discourse, and ⊆ × be an equivalence relation on . The elements of partition generated by are called -elementary sets. An arbitrary subset ⊆ can be naturally approximated by two sets, namely, the union of all the -elementary sets that are subsets of , called the lower -approximation of , and the union of all the -elementary sets that have a non-empty intersection with , called the upper -approximation of . The basic idea of Pawlak's rough set theory is that the vagueness of a set is described by the difference of its upper and lower -approximations which is called the -boundary of the set.
A set is -rough if its -boundary is non-empty. The other powerful mathematical tool dealing with vagueness and uncertainty is the fuzzy set theory [14] , [15] , [16] , [17] , [18] . It soon has been raised whether it was possible to connect rough sets and fuzzy sets [19] , [20] , [21] . The combination of rough and fuzzy sets has led to the notions of rough fuzzy sets [22] and fuzzy rough sets [23] , [24] . For recent developments see, e.g., [25] , [26] , [27] , [28] . To some extent Dempster-Shafer theory of evidence also possesses many features in common with rough set theory [29] . Further promising generalizations are the probabilistic rough set model [30] , [31] , [32] and the variable precision rough set model [33] .
The most natural way of the generalization of Pawlak's idea is that the equivalence relation is replaced by any other type of binary relations on [34] , [35] , [36] , [37] , [38] , [39] , [40] , [41] . Another way is that the partition is replaced by any covering of [42] , [43] .
In this paper, our starting point will be an arbitrary family of subsets of an arbitrary universe . Neither that this family of sets covers the universe nor that the universe is finite will be assumed. Within this new framework, our concepts of lower and upper approximations are straightforward pointfree generalizations of Pawlak's ones. This new approach is called the partial approximative set theory (PAST) .
The rest of the paper is organized as follows. In Section II summarizes the basic notations. Section III outlines a general approximation framework to give us an overall framework in which we will embed our discussions. Section IV presents the fundamental concepts of Pawlak's theory. Only those facts will be considered which are important in what follows. The major contributions of this paper are covered in Section V. It sums up the basic principles of the partial approximative set theory, and gives some reasons why this new approach is worth studying.
II. BASIC NOTATIONS

Let
be any non-empty set. Let ⊆ 2 be a family of sets of which elements are subsets of . The union of is ∪ = { | ∃ ∈ ( ∈ )}, and the intersection of is ∩ = { | ∀ ∈ ( ∈ )}. If is an empty family of sets we define ∪ ∅ = ∅ and ∩ ∅ = .
If is an arbitrary binary relation on , III. A GENERAL APPROXIMATION FRAMEWORK In order to be able to treat the common features of both rough set theory and partial approximative theory uniformly, we define a general approximation framework.
A pair ( , ) of maps , : 2 → 2 is a weak approximation pair on if ∀ ∈ 2 ( ( ) ⊆ ( )). As noticed in [44] , this constraint seems to be the weakest condition for a sensible concept of approximations of subsets in .
The pair ( , ) is a strong approximation pair on if each subset ∈ 2 is bounded by ( ) and ( ), i.e., ∀ ∈ 2 ( ( ) ⊆ ⊆ ( )) [44] .
In [45] , a new hypothesis about approximation has been drawn up recently. According to this assumption, the notion of "approximation" may be mathematically modelled by the notion of Galois connections. Galois connections are also at the roots of formal concept analysis which has some links with rough set theory [46] , [47] , [48] , [49] , [50] , [51] .
In both classical rough set theory and partial approximative set theory, the upper and lower approximation operators have a common Galois connection-type feature.
Let ( , ≤ ) and ( , ≤ ) be two posets, and ( , ) denote a pair of maps : → , : → .
Definition 1. The pair ( , ) is a (regular) Galois connection between and if
is called the lower adjoint and the upper adjoint of the Galois connection.
We also write ( , , , ) for a whole Galois connection. If = it is said ( , , , ) is a Galois connection on .
Remark 2. Here we adopted the definition of Galois connection in which the maps are monotone. It is also called the monotone or covariant form. For more details, see, e.g., [50] .
The following theorem gives a useful characterization of Galois connections.
Theorem 3 ([40], Lemma 79). The pair ( , ) is a Galois connection if and only if
1) ≤ ( ( )) for all ∈ and ( ( )) ≤ for all ∈ ; 2) the maps and are monotone.
Definition 4 ([52], Definition 2.2.2). The pair ( , ) is a partial Galois connection between
and , in notation ∂( , , , ), if 1) : → is a monotone partial map, 2) : → is a monotone total map, 3) ( ( )) exists for all ∈ , and 4) ∀ ∈ and ∀ ∈ such that ( ) is defined,
IV. FUNDAMENTALS OF ROUGH SET THEORY
The basic concepts and properties of rough set theory can be found, e.g, in [13] , [40] . Here we cite only a few of them which will be important in what follows. We partly restate these well-known facts on the language of approximations. We also provide new elementary point-free proofs for them to give us some tools and notions which we use to introduce and investigate our new concepts.
Definition 5.
A pair ( , ), where is a finite universe of discourse and is an equivalence relation on , is called the Pawlak's approximation space.
A subset ⊆ is -definable, if it is a union ofelementary sets, otherwise is -undefinable. By definition, the empty set is considered to be an -definable set.
Let / denote the family of -definable subsets of .
Remark 6. Note that the idea of approximation space is a bit older than Pawlak's initial works. For the evolutionary survey of approximation spaces, see [53] .
The following lemma follows from the fact that the partition / consists of non-empty pairwise disjoint subsets of .
Proof: We show that the map is a bijection and both and −1 are monotone.
/ be such that 
, i.e., 1 ⊆ 2 , and so −1 is also monotone. In Pawlak's approximation spaces, the lower and upper approximations of can be defined in two equivalent forms, namely, in a point-free manner-based on the -elementary sets, and in a point-wise manner-based on the elements. Definition 9. Let ( , ) be Pawlak's approximation space.
The lower -approximation of ∈ 2 is
and the upper -approximation of
The set
It follows just from the definitions that ( ), ( ) ∈ / , the maps , : 2 → / are total, and many-to-one. Theorem 10 ([13], Proposition 2.2, points 1, 9, 10). Let Pawlak's approximation space ( , ) be given. Then
That is, the maps and are contractive and extensive, respectively. In other words, the pair of maps ( ) and ( ) is a strong approximation pair on .
Lower and upper -approximations can be generalized via their point-wise definitions [40] . Definition 11. Let be an arbitrary binary relation on and ∈ 2 . The lower -approximation of is
and the upper -approximation of is 
V. BASICS OF PARTIAL APPROXIMATIVE SET THEORY
In practice, there are attributes which do not characterize all members of an observed collection of objects.
First, some very simple illustrative examples:
• With the property 'color of hair' bald men cannot be characterized.
• One investigates an infinite set via a finite family of its finite subsets. For instance, a number theorist studies regularities of natural numbers using computers. Some more practical examples:
• Security policies are partial-natured in corporate information security management. Typically some policies may apply only to a specific application or type of information.
• If somebody's tonsils have been removed, no symptom of the tonsils can be connected to patient.
In a more general setting, let us assume that we have some features with which a set and its complement can be described. For instance, let us classify people by their color of hair. Then, e.g., we can form the set of 'brown-haired' people, and its complement, the set of 'non brown-haired' people. In the same way, we can also characterize people by their other features. In this way we obtain a family of non pairwise disjoint sets which covers the universe. Composing their intersections we could get at a partition of the observed universe. In all these cases there is no reason for partial generalization of rough set theory. Therefore, the key problem is the following: Is there any feature with which we can form a family of sets so that we cannot form the family of complements of the sets in ?
The answer is yes. Namely, the complements of the recursively enumerable sets may not be recursively enumerable. The membership of recursively enumerable sets can be effectively determined by a finite amount of information, whereas the determination of their non-membership requires an infinite amount of information [54] . That is, the complement of a recursively enumerable set cannot be necessarily determined effectively.
In other words, the recursively enumerable sets can be handled by computers (e.g., via a special rewriting system, the Markov algorithm [55] ). Thus, this is an important practical partial approximation problem: How can we approximate an arbitrary set with recursively enumerable sets?
Another question is the point-freeness. Let us assume that we study a collection of groups of individuals. In some cases it is important to distinguish individuals in those groups, whereas in other cases it is not. E.g., during the investigation of the spreading of different types of floral zones in a given geographical area, distinguishing the individuals has no relevance.
Throughout this section let be any non-empty set called the universe of discourse.
A. Base Systems Definition 14. Let ⊆ 2 be a non-empty family of nonempty subsets of called the base system. Its elements are the -sets.
A family of sets ⊆ 2 is -definable if its elements are -sets, otherwise is -undefinable. A non-empty subset ∈ 2 is -definable if there exists a -definable family of sets such that = ∪ , otherwise is -undefinable. The empty set is considered to be a -definable set.
Let denote the family of -definable sets of .
With the help of the next notion, some properties of rough set theory can be preserved in one form or another.
Definition 15. The base system
⊆ 2 is single-layered, if
Let us assume that the intended meaning of a base system is a collection of primitive properties. Then, in words, a base system is single-layered if every -definable subset of the universe has at least one element which can be characterized by exactly one primitive property.
B. Weak Lower and Upper -Approximations Definition 16. Let
⊆ 2 be a base system and be any subset of . The weak lower -approximation of is
and the weak upper -approximation of is
Notice that ℭ ♭ and ℭ ♯ are straightforward point-free generalizations of lower and upper -approximations. Clearly, ℭ ♭ ( ), ℭ ♯ ( ) ∈ , and the maps ℭ ♭ : 2 → , ℭ ♯ : 2 → are total, onto, and, in general, manyto-one. Furthermore, both of them are monotone.
Theorem 17 (Analogous with Theorem 10). Let the fixed base system
⊆ 2 and maps ℭ ♭ and ℭ ♯ be given.
♯ is extensive if and only if covers the universe.
Proof: 1) and 2) are straightforward.
(⇐) ∀ ∈ 2 ( ⊆ = ∪ ), thus we get
In other words, the pair (ℭ ♭ , ℭ ♯ ) of maps ℭ ♭ , ℭ ♯ : 2 → 2 is a weak approximation pair on , and it is a strong one if and only if the base system covers the universe.
Definition 18.
Let the fixed base system ⊆ 2 and maps ℭ ♭ and ℭ ♯ be given. The quadruple ( , ,
, there exists at least one non-empty family of sets
It is the contrapositive version of 1.
C. Galois Connections on Weak -approximation Spaces
Given a weak -approximation space ( , ,
let us investigate what conditions have to be satisfied by
The next theorem answers the first half of 1) in Theorem 3.
Theorem 20. Let the weak -approximation space
Proof: (⇒) By a contradiction, let us assume that
(⇐) ℭ ♯ ( ) ∈ , and so, by Theorem 19,
Let us take up the question of the second half of the condition 1) in Theorem 3. In general, it also does not hold.
Theorem 21. Let the weak -approximation space
The base system is single-layered and ∀ ∈ 2 (ℭ ♯ (ℭ ♭ ( )) ⊆ ) if and only if the -sets are pairwise disjoint.
Proof: (⇒) By a contradiction, let us assume that the -sets are not pairwise disjoint, i.e.,
Because is single-layered, neither 1 ⊆ 2 nor 2 ⊆ 1 holds. Hence, e.g., for 1 , we have
independently of that the -sets are pairwise disjoint or not.
Theorem 22 (Analogous with point 3 in Theorem 13). Let the weak -approximation space
The base system is single-layered and the pair (ℭ ♯ , ℭ ♭ ) forms a Galois connection on (2 , ⊆) if and only if the base system is a partition of .
Proof: The maps ℭ ♯ and ℭ ♭ are monotone, and so by Theorem 20 and 21, the conditions in Definition 1 hold.
Theorem 28 shows that the pair of weak upper and lower -approximations only in a special case forms a Galois connection. This restriction can be exceeded by using the notion of partial Galois connections [52] .
D. Strong Upper -Approximations
e., the empty set is the weak upper -approximation of certain non-empty subsets of . This uncommon cases may be excluded by a partial map called the strong upper -approximation.
Definition 23. Let
⊆ 2 be a base system and be any subset of . The strong upper -approximation of is
undefined, otherwise.
By Definition 14, there exists at least one non-empty ∈ -set. Clearly, ⊆ ℭ ♯ ( ), and so, according to Definition 23, ℭ are defined at least on one non-empty subset of .
Definition 24.
The quadruple ( , , ℭ ♭ , ℭ ) is called the strong -approximation space.
E. Partial Galois Connections on Strong -Approximation Spaces
We investigate what conditions have to be satisfied by a strong -approximation space ( , , ℭ ♭ , ℭ ) so that the pair (ℭ , ℭ ♭ ) forms a partial Galois connection. The next theorem answers the condition 3) in Definition 4.
, and so
That is, by Definition 23, ℭ (ℭ ♭ ( )) is defined. The next two theorems deal with the condition 4) in Definition 4.
Proof: Let , ∈ 2 be two subsets of such that 
Theorem 27. Let ( , , ℭ ♭ , ℭ ) be a strong -approximation space. Then ∀ , ∈ 2 such that ℭ ( ) is defined, the base system is single-layered and
if and only if the -sets are pairwise disjoint.
Proof: (⇒) By a contradiction, let us assume that the -sets are not pairwise disjoint, i.e., 
VI. CONCLUSIONS AND FUTURE WORK
In this paper we presented a generalization of rough set theory called the partial approximative set theory. Most notions of Pawlak's classical approximation spaces constitute compound ones which, however, split in two or more parts in partial approximation spaces. Our new approach help us to understand the state of their compound nature of these notions, and to specify their constituents.
It is an open question what kind of conditions are needed to maintain the duality of weak/strong lower and upperapproximations. As a final note we raise another open question: In our view the next most important task is to work out a partial approximative information system model analogous with Pawlak's one [13] .
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